MONGE-AMPERE MEASURES ON PLURIPOLAR SETS 
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Abstract. In this article we solve the complex Monge-Ampere equation for 
measures with large singular part. This result generalizes classical results by 
Demailly, Lelong and Lempert a.o., who considered singular parts carried on 
discrete sets. By using our result we obtain a generalization of Kolodziej's 
subsolution theorem. More precisely, we prove that if a non-negative Borel 
measure is dominated by a complex Monge-Ampere measure, then it is a com- 
plex Monge-Ampere measure. 



1. Introduction 

In this article we study the complex Monge-Ampere equation (dd^w)" — /i, 
where /i is a given non- negative Radon measure and (dd*^ • )" denotes the complex 
Monge-Ampere operator. If /i puts mass on a pluripolar set, then the solution to 
(dd^u)" = cannot generally be uniquely determined (see, e.g. [T3l|30]). Therefore 
the question of existence of solutions is our main interest. The first result was due 
to Lempert who, in [20ll21j . obtained a positive result for the case when the support 
of the given measure is a single point. He considered solutions with real- analytic 
boundary values and logarithmic singularity near the support of the measure. The 
underlying domain was assumed to be a strictly convex domain in C" (see also [4] 
and Theorem 1.5 in [15]). In this context, it is worth to mention the article [lO] . 
where Celik and Poletsky also studies the Monge-Ampere equation with the Dirac 
measure as given measure. 

Throughout this article it is always assumed that f2 is a bounded hypercon- 
vex domain (see section [2] for the definition of hypcrconvex domain). Demailly 
proved (Theorem 4.3 in TT]) that (dd'^gAi)" — (27r)"(5z on a hypcrconvex domain 
f2, where 6z is the Dirac measure at z, and gz is the pluricomplex Green func- 
tion (introduced in [ini [Mj) with pole set containing a single point Ai = {z}. 
In [19], Lelong introduced the pluricomplex Green function with a finite pole set, 
Ak = {zi, . . . , Zk}, and with positive weights vi, . . . ,Vk, vi > 0, I = I, . . . ,k, and 
proved that {ddPgA^)" — (^^r)" X]j=i (Proposition 8 in [in])- The pluricom- 

plex Green function is not a solution to the complex Monge-Ampere equation if we 
want the solution to have other boundary values than those which are identically 
zero. Given a discrete measure with compact support in a hypcrconvex domain 
ri, Zeriahi proved in [30] that the complex Monge-Ampere equation is solvable 
for certain continuous boundary values. In [27], Xing generalized Zeriahi's result 
in the case where the given boundary values are identically zero. Xing considered 



2000 Mathematics Subject Classification. Primary 32W20; Secondary 32U15. 
Key words and phrases. Complex Monge-Ampere operator, Dirichlet problem, pluripolar set, 
plurisubharmonic function. 

The third-named author was partially supported by ministerial grant number N N201 3679 33. 



2 



PER Ahag, urban cegrell, rafal czyz, and pham hoang hiep 



measures that were majorized by the sum of a linear combination of countable num- 
bers of Dirac measures with compact support and a certain regular Monge- Ampere 
measure. 

We shall consider the class £ introduced in [7]. It is the largest set of non- 
positive plurisubharmonic functions defined on a hyperconvex domain for which 
the complex Monge- Ampere operator is well-defined (Theorem 4.5 in [7J). Let 
M G £ and < g < 1 be a X{u=-oa}{dd'^u)^-Taeas,vj:sh\e function that vanishes 
outside {u = — cxo}. We define 

= inf (supju,- : f < T, t is a bounded lower semicontinuous function})* , 

where Ur is as in Definition l4.2[ T is the family of certain simple functions, and (w)* 
denotes the upper semicontinuous regularization of w. We prove that E £ and 
(dd'^u^)" — g{d(Fu)^ . In particular, this implies that for any pluripolar Borel set E 
in VL we have that (dd^w-^^)" — xsidd'^u)" , where xe is the characteristic function 
for the set E in fl (Theorem 14. 7p . Example 14.91 shows that our given singular 
measure xsidd'^u)"' is not necessarily a discrete measure. Hence, Theorem 14.71 
yields solutions to the complex Monge- Ampere equation for a larger class of singular 
measures than Zeriahi and Xing. The following statement, which is included in 
Theorem 14. 13| is the main result of this article: 

Theorem 14.131 (3): Assume that /i is a non-negative Radon measure. If there 
exists a function w (z £ such that fi < {dd'^w)" , then there exists a function u G £ 
such that w + H < u < H and (dd'^u)^ = /i. 

Theorem l4.13l is a generalization of the celebrated subsolution theorem by Kolodziej 
([17j: for an alternative proof see section 4 in 18J). Example 5.4 in [8j shows that 
there exists a non-negative Radon measure /i such that there does not exist any 
function u £ £ that satisfies (dd'^u)"' = /i. 

This article is organized as follows. In Section [2] some definitions will be recalled. 
One of the most powerful tools when working with the complex Monge- Ampere op- 
erator is the comparison principle. In Section [3] we obtain the comparison principle 
for certain functions in £ (CoroUarv 13. 2p . To prove the comparison principle we 
shall follow an idea from [2^ and firstly prove a Xing type inequality (Theorem l3.1|l . 
The last section is devoted to the proof of Theorem 14.131 
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2. Background and definitions 

Throughout this article it is always assumed that O is a bounded hyperconvex 
domain. Recall that il C C", n > 1 is a bounded hyperconvex domain if it is a 
bounded, connected, and open set, such that there exists a bounded plurisubhar- 
monic function ip : fl (— oo, 0) such that the closure of the set {z g f2 : ip{z) < c} 
is compact in V,, for every c G (— oo, 0). 
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In this article we adapt the notation that 'PSH{il) is the family of plurisubhar- 
monic functions defined on Q and M.VST-l{^) for the maximal plurisubharmonic 
functions. For the definitions and basic facts of these functions we refer to '16]. 

We say that a bounded plurisubharmonic function ip defined on Q belongs to 
£q if lim^^^ — Oi for every ^ g dfl, and (dd'^ip)"' < +00. It was proved in 
Lemma 3.1 in [7 that C^i^) cSoH C{n) - £0 n CiCl). 

Definition 2.1. Let £ {— £{i^)) be the class of plurisubharmonic functions (p 
defined on Q, such that for each zq 6 there exists a neighborhood uj of zq in f2 
and a decreasing sequence 'fij G £a, that converges pointwise to on w as 

j +00, and 

sup / {dd'^ipjY^ < +00. 
j Jn 

Furthermore, let (= ^{^)) be the subset of £ containing those functions with 
smallest maximal plurisubharmonic majorant identically zero and with finite total 
Monge- Ampere mass. 

If there can be no misinterpretation a sequence [Oj^i ^i^^ be denoted by [■]. 
Shiffman and Taylor gave an example in [25j that shows that it is not possible 
to extend the complex Monge- Ampere operator in a meaningful way to the whole 
class of plurisubharmonic functions and still have the range contained in the class 
of non- negative measures (see also [M]). In [7] the second-named author proved 
that the complex Monge-Ampere operator is well-defined on £. As mentioned 
in the introduction he proved that £ is the natural domain of definition for the 
complex Monge-Ampere operator (Theorem 4.5 in [7]). In [2], Blocki proved that 
£ = {(f & VST-L{ri) n Wi^^ (ri) : 1^9 < O} when n = 2, and showed that this equahty 
is not valid for n > 3. Later, in [3 , he obtained a complete characterization of £ 
for n > 1. Another characterization of £ was proved in [5] in terms of the so-called 
(^-capacity. 

In this article a fundamental sequence [flj] is always an increasing sequence of 
strictly pseudoconvex subsets of O such that for every j G N we have that, flj d 
ilj+i, and Ujli = Here (s denotes that flj is relatively compact in flj+i- 

Definition 2.2. Let u e VSH{il.), u < 0, and let [fij] be a fundamental sequence 
rij . The function is then defined by 

— sup {lP e VSniVL) :ip<u on C^} , 

where CQj denotes the complement of flj in fl. 

Let be a fundamental sequence and let u G VS'H{VL), u < 0, then € 
VSTiiyi) and = m on Cfij. Definition 12.21 implies that [u-'] is an increasing 
sequence and therefore limj_^+oo exists q.e. (quasi-everywhere) on VL. Hence, 
the function u defined by u = (limj^+oo it-')* is plurisubharmonic on Vl. Moreover, 
if M G then by [7] we have that u ^ £, since it < m < 0, and by l3j it follows 
that u is maximal on f2. Let u,v ^ £ and a G M, a > 0, then it follows from 
Definition 12.21 that u + v > u + v and ctu — au. Moreover, ii u > v, then u > v. It 
follows from ^ [3] that £ n MrSn{VL) = {u £ : u = u} . Set 

A/" = {u G £ : u = 0} . 

Then we have that A/" is a convex cone and that M is precisely the set of functions 
in £ with smallest maximal plurisubharmonic majorant identically zero. 
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Definition 2.3. Let IC G {£o, J^, TV}. We say that a plurisubharmonic function u 
defined on fl belongs to the class IC{fl, H), iJ G if there exists a function ip £ K, 
such that 

H >u>(p + H . 

Note that JC(Q,0) = JC. The following approximation theorem was proved by 
the second- named author in [71 . 

Theorem 2.4. Let u £ VSTilfl), u < 0. Then there exists a decreasing sequence 
[uj], Uj E So r\ C{n), which converges pointwise to u on 51, as j tends to +oo. 

Theorem 12.41 yields among other things the following simple and useful observa- 
tion. 

Proposition 2.5. Let H G £ and u £ VSH{ft) be such that u < H, then there 
exists a decreasing sequence [uj], Uj £ £q{H), that converges pointwise to u on Q, 
as j tends to +oo. Moreover, if H G 'PSTi.{n)riC{0,), then the decreasing sequence 
[uj] can be chosen such that Uj G £a{H) fl C(Cl). 

Proof. Theorem 12 .41 implies that there exists a decreasing sequence [tpj], (pj G ^ 
C(Cl), that converges pointwise to u, as j —^ +oo. If Vj = max(u, (pj +H), then [vj], 
Vj G £o{H), is a decreasing sequence that converges pointwise to u, as j +oo, 
and the first statement is completed. 

For the second statement assume that H G VSH{^)r\C{ri) and let ip G £oriC{0,), 
not identically 0. Choose a fundamental sequence, [fij] of O such that for each j G N 
we have that p > on C57j. Let [uj], Vj G VSJiiVij) nC°°(ilj), be a decreasing 
sequence that converges pointwise to u, as j — )■ +cx3, and < i7 + ^ on flj+i. Set 



J , + on f7j 

ip + H on Cflj . 

Then [u'j], u'^ G £o{H) r\C{fl), converges pointwise to u on Q, as j +oo, but [u'j] 
is not necessarily decreasing. Let Uj = supj,>j uj,. The construction of u'^ implies 
that 

/ 1 / 1 
J .7 + 1 

and therefore for each j G N fixed it follows that 

max . . + — ) 

decreases pointwise on 51 to Wj, as m — ^ +cxd. Thus, Uj is an upper semicontinuous 
function and we have that uj G VST-l{Vl) r\C{il). Moreover \uj\ is decreasing and 
converges pointwise to u on 51, as j +cxd. □ 

Remark. If H is unbounded, then each function Uj is necessarily unbounded. 

3. Some auxiliary results 

Theorem 3.1. Let H £ £. If u £ J\f(H) and v £ £ is such that v < H on fl, then 
for all Wj G VSTi,{fl) fl L°°{n), —1 < Wj < 0, j ~ 1, 2, ...,n, we have the following 
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inequality: 

— [ iv-u)"dd''wiA---Add''wr,+ [ {-wi){dd''vy < 
n' J{u<v} J{u<v} 



< / {~wi){dd^uf+ / {~wi){dd^uy. (3.1) 

{u<v} <y {u—v—~oc} 

Proof. Let u G J\f{H), i.e., u G VSTi{Vl) and there exists a function ip E N such 
that 

H >u>ip + H . 

Let [Vlj] be a fundamental sequence in il and let be defined as in Definition l2.2l 
The assumption that v < H implies that for e > the following inequality holds 

u>(p + H = (p^+H>(p^+v-e on Cflj . 

Theorem 4.9 in [!22 implies that 

1 



{v-e + if^ -urdd^wiA- ■ ■Add''wn+ / {--wi){dd'=vf < 



n 

< I [-wi){dd^uf . 

J{u<v-e} 

We have that 

[X{u<v-e+v^i^ - ^ + "P^ ^ ur]T=l [X{u<v-e+^^}]T=l (3-2) 

are two increasing sequences of functions that converges q.e. on f2 to X{u<v-e}i''^ ~ 
e — u)" and X{u<v-e}i respectively, as j +00. Theorem 5.11 in [7] implies that 
dd'^wi A •■• A dd'^Wn ^ C„ and X{v>~aD}{dd'^v)^ ^ Cn- Here Cn denotes the 
usual Cn-capacity and fi <^ C'n denotes that the measure is absolutely contin- 
uous with respect to C„ (see e.g. [IH] for background). We therefore have that 
[X{u<v-e+v^{v - e + if' - ")"]jli converges to X{u<v-s}{v - e - u)" a.e. w.r.t. 
dd'^wi A ■ ■ ■ A Wn and that [x{u<cv~e+ip^]'jLi converges to X{u<v-e} ^-e- w.r.t. 
X {v>-- 00} {dd'^ v)"' . The monotone convergence theorem yields that 



n 



{v-e- uYdd^wi A • • • A dd=w„ + / {-Wi){dd''vf < 

{u<v — €} J {u<v — e} 



< / {-wi)idd''uy\ 

J {u<V~€} 

Inequality p.ip is now obtain by letting e ^ 0+. □ 

Corollary 3.2. Let u,v,H E E he such that {dd'^u)^ vanishes on all pluripolar sets 
in fl and (dd'^u)"' < {dd'^vY^ . Consider the following two conditions 

(1) lim(u(z) — v{z)) > for every C G dfl, 

(2) u G J\f{H), v<H. 

If one of the above conditions is satisfied, then u > v on fl. 

Proof. Assume that u,v G £ are such that {dd'^uY'' vanishes on all pluripolar sets 
in Q and (dd'^u)^ < (dd'^v)^. 
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(1): Moreover, assume that 

lim (u(z) — v{z)) > 
for every ^ G dfl. Let e > 0. Theorem 4.9 in [52] imphes that 
^-^C„{{u + 2e<v}) 

< sup i ^ / {v-u- 2eY{dd''wf : w £ PSn{n), < u; < 1 

[ J{u+2e<v} 

{v-u- eY^dd^wY' : w G PSn{n), < w < 1 




{u+e<v} 



< ^ I - (dd^i;)"] < . (3.3) 

{u+e<v} 



n 

Thus, u + 2e > v. Let e — > 0+, then u > u on il. 

(2): In this case assume that u G M{H) and v < H. Since u G M{H) there exists 
a function ip G Af such that H + ip < u < H . Let (p^ be defined as in Definition 12.21 
and let e > 0. Similarly as in (13. 3|) we get that u + 2e > v + p^ . Let e ^ 0+. Hence 
u > v on fl. □ 

Remark. In CoroUarv 13.21 the assumption that {dd'^u)"' vanishes on all pluripolar 
sets is essential. 

Lemma 3.3. Let u,v £ M{H), he such that u < v and J^^{—ip)dd'^u AT < +oo, 
p G PSTi.{Q), p> < 0. Then the following inequality holds 

{-p)dd''u AT > 1 {-p)dd%AT, (3.4) 

where T — dd'^W2 A ■ ■ ■ A dd'^Wn, W2, ■ ■ ■ , Wn G £ . 

Proof. Let [Qg] be a fundamental sequence in Q. By the assumption that u G J^{H) 
there exists a function ip £ M such that H > u > ip + H. For each j £ N 
consider the function defined by Vj = ma'K{u,ip^ + v), where ijj^ is defined as in 
Definition 12.21 This construction imply that Vj G £, Vj = u on CQj, u < Vj, and 
[vj] is an increasing sequence that converges pointwise to v q.e. on 17, as j — > +oo. 
Theorem 12.41 implies that there exists a decreasing sequence [pk], 'Pk & £of~^ C{Cl), 
that converges pointwise to p, as j — > +oo. We have by Stokes' theorem that for 
each s > j it holds that 



{-Pk)dd''u AT - {-pk)dd''vj AT = {vj - u)dd''pk AT >0 . 
By letting s —* +oo we get that 

{-pk)dd''uAT> I {-ipk)dd''vj AT . (3.5) 



The function pk is bounded and therefore it follows from [3 remark on pg. 175] that 
{—pk)dd'^Vj A T converges to {—pk)dd'^v A T in the weak*-topology, as j +oo, 
which yields that 

lim / {-pk)dd''vj AT > / {-pk)dd'=v AT . (3.6) 
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Inequality (|3.5|) and p.6p imply that inequality (|3.4p holds for Lpk and the monotone 
convergence theorem completes this proof, when we let k — > +cxd. □ 

Corollary 3.4. Let H e S and ip e PSH{n), f < 0. If [uj], Uj G JV{H), is a 
decreasing sequence that converges pointwise on D, to a function u G J^{H) as j 
tends to +oo, then 



lim {-ip){dd''ujY = {-ip){dd''uf . (3-7) 

Proof. Let Lp G VSTL{Vl), < 0, and let Uj,u G M{H) be such that w < Uj. If 
J^{—(p){dd''u)^ = +00, then p.7p follows immediately and therefore we can as- 
sume that J^(~ip){dd'^u)"' < +0O. Lemma 13.31 implies that (ys) (dd'^Uj)"'] is an 
increasing sequence that is bounded above by f^s) {dd'^u)". From Corollary 5.2 
in [7] it follows that the sequence [{—(p){dd'^Uj)"'] converges to {—ip){dd'^uy^ in the 
weak*-topology, as j +oo, and the desired limit of the total masses is valid. □ 

Lemma 3.5. Let H E £ and let u,v E A/'(i?) be such that u < v. Then for all 
Wj G PSH{n) nL°^\n), -l < w, <0, j ^ l,2,...,n, j^{-wi){dd''uf < +00, we 
have that the following inequality holds 



{v - A • • • A dd^Wn + / {~wi){dd''vy < 

< I {~wi){dd'=uf . (3.8) 



Proof. First we assume that u,v E £o{H). By definition there exists a function 
(fi E £q such that H > u > ip + H . For each e > small enough choose K U such 
that (fi > —e on CK. Hence, 

u>Lp + H>-e + H>-e + v on CK , 

and therefore it follows that max(u,z; — e) = u on CK. By using Proposition 3.1 
in [55] we get that 



(max(w, V — e) - u)^dd'^Wi A • ■ • A dd'^Wn + / {-Wi){dd'' max(w, v — e))'' 

< / (-w;i)(dd^u)". 



By letting e — * 0+ we obtain inequality p.8p in the case when u,v E £o{H). Using 
the case when u,v E £o{H) together with Proposition 12.51 and Corollary 13.41 we 
complete the proof. □ 

An immediate consequence of Lemma l3.5l is the following identity principle. The- 
orem l5^ plav a technical prominent role in SectionlH In particular, this generalizes 
for example Lemma 6.3 in |24j . Theorem 3.15 in [7j, and the corresponding result 
in [22]. 



Theorem 3.6. Let H E £. Ifu,vE J^{H) is such that u<v, {dd^uY = {dd^v^ 
and J^^{—w){dd'^u)"' < +oo for some w E £ which is not identically 0, then u — v 

on n. 
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Theorem 3.7. Assume that fj, is a non-negative measure defined on by fi = 
{dd'^ip)^ , ip € J\f with = for every pluripolar set A C 17. Then for every 

H £ £ such that (dd'^H)" < fi there exists a uniquely determined function u G ■N'iH) 
such that (dd'^u)"' = ^ on fl. 

Proof. The uniqueness part of this theorem follows by the comparison principle in 
Corollary 13.21 We will proceed with the existence part. Theorem 12.41 implies that 
there exists a decreasing sequence [Hk], Hk & £oC\ C(f7), that converges pointwise 
to H , as j +00. Let [Vlj] be a fundamental sequence in SI. For each j, A; S N let 
Hi. be the function defined as in Definition 1 2. 2 ( i.e., 

Hi = sup {ip e VSn{n) ■.ip<Hk on CVLj) , 

Then Hi G £o{^) and Hi is maximal on Slj. Consider the measure /ij = Xiijf- 
defined on Q, where xn- is the characteristic function for the set ilj in . For 
each j G N the measure fij is a compactly supported Borel measure defined on SI, 
fij vanishes on all pluripolar sets in Q and fij{Qj) < fJ.j{^) < +oo. Therefore it 
follows from Lemma 5.14 in [7J that there exists a uniquely determined function 
(fj G .F(Slj) such that {dd'^(pj)" = on flj. Moreover, from Theorem 4.1 in 8 it 
follows that there exists functions Uj^k G J-'{flj, Hi) such that {dd'^Uj^k)^ = /ij on 
rij. CoroUarv 13.21 implies that 

Hi > Uj^k > + Hi on , (3.9) 

since {dd'^Uj,k)^ < (^dd'^^tpj + Hi)j and Hi is maximal on flj. The comparison 
principle fCorollarv l3.2p yields that [uj,k]^i is a decreasing sequence. Let k +oo 
and set Uj — limfe^+oo then (|3.9p gives us that H^ > Uj > (fj + H^ on fij, 
i.e., Uj G T{Q.j,H^) C J\f{flj , H^). From the assumption that /i > {dd'^H)"' we get 
that (dd'^Uj)" = Uj = XfJ^/^ = /-^ > {dd'^H)" on flj and therefore it follows from 
CoroUarv 13.21 that uj < H on flj. The construction of ^j and the fact that [ilj] 
is an increasing sequence imply that (dd'^Uj)" — {dd'^Uj^i)^ on Slj. Hence [uj] is 
decreasing and 

H >Uj>ip + H on % . (3.10) 
Thus, the function u = (linij^+oo Uj) G M{^.H) is such that (dd'^u)"' = /i on 

n. ' □ 

Remark. Let /i be a non-negative measure defined on Q such that it vanishes on 
pluripolar subsets of SI and that there exists a function tp G VSTi{Vl), < 0, 
such that ^^{—Lp) dfi < +oo. Then it follows from ^ that there exists a uniquely 
determined function Lp E JV such that (dd'^ip)" = fjL. 

4. MoNGE- Ampere measures carried on pluripolar sets 
Lemma |4T] is due to Demailly ([H]). Here we include his proof in our setting. 

Lemma 4.1. Let u, Uk, v € £ , k — 1, . . . ,n — 1, with u > v on Q and set T — 

dd'^ui A • • • A dd'^Un-i. Then 

jdd^u AT < jdd^v AT. 
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Proof. Let e > 0. Set Wj ~ max((l — s)u — j, v). Then Wj = (1 — e)u — j on the 
open set {v < — j-} and therefore we have that 

dd^wj A T = (1 - e)dd''u A T on \ v < --^ 



£ 

Hence dd'^wj AT > {1 — e)x{u=-oo}dd'^u A T. Let j +oo, then 

ddS A T > (1 - e)x{u=-co}dd''u AT on ft. 
The proof is completed as £ — > 0+. □ 
Remark. For j — 1, . . . ,n, let Uj, Vj G £, and Uj > Vj, then Lemma |4 . 1 1 implies that 



d#iti A ■ • ■ A dd^'un < / dd'^vi A • • • A dd^Vn , 
'A Ja 

for every pluripolar Borel set A C fl. 

Remark. Let u,v ^ £ and assume that (dd'^v)"' vanishes on pluripolar sets. If m > 
then it follows from Lemma l4.1l that (dd'^u)"' vanishes on pluripolar sets. 

Definition 4.2. Let u e £ and < r be a bounded lower semicontinuous function. 
Then we define 

Ur = SUp{<y9 e VSn{n) : LP < T^i-^u} . 
Definition 14.21 vields the following elementary properties: 

(1) If u, w € £ with u < V, then Ur < Vr- 

(2) Ifuee, then > > ||t||^/"(j2)" ^ £■ Hence, by [7] we have that Ur € £■ 

(3) If Ti,r2 are bounded lower semicontinuous functions with ri < T2, then 

(4) If It G £, then supp((id'^UT-)" C supp r and if supp r is compact then u^. G 

(5) If [tj], < Tj is an increasing sequence of bounded lower semicontinuous 
functions that converges pointwise to a bounded lower semicontinuous func- 
tion T, as j tends to +00, then [urj] is a decreasing sequence that converges 
pointwise to Ur, as j tends to +00. 

Lemma 4.3. Let u G £ and let K be a compact pluripolar subset ofQ. Then 

[dd^uxT = XKidd^uY , 
where u^^ is as in Definition \4-^ and 

UK = (supjit^o : K C O C fl, O is open})* . 

Proof. Choose a decreasing sequence [Oj], Oj C il, such that K — f]^ Oj. Then 
[u^q ] is an increases sequence that converges to uk outside a pluripolar set, as 
j — > +00, and supp((i(i'^UA')" C p| Oj = K. We have that u^^-,. = u on Oj hence 

( dd'^u-^^j^ > XKidd'^uY^ , so (dd'^UKY^ > XKidd'^u)^^ . On the other hand, uk > u 



and therefore we have by Lemma |4. II that 



{dd'^UK)^ < / (dd'^u)"' and (dd'^UK)^ = XK{dd'^u)" . 

K Jk 
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□ 

Lemma 4.4. Let ui, . . . , u„ G Then 

/ r \ / /■ \ 1/" 

for every pluripolar Borel set A G 

Proof. Without loss of generality we can assume that ^ is a compact pluripolar set 
and Ml, . . . ,u„ G J-^. Let [Gj] be a decreasing sequence of open subsets of fl with 
Pl^ Gj = A. Corollary 5.6 in [7 yields that 

/\ ■ ■ ■ ^ dd'^Uno. < (^J^ ^dd'^ui^,^ ^ i^J (^^'^""g^ ) ^ 

For 1 < k < n we have that Uk^, — Uk on Gj and supp(d(i'^Ufcg , )" C Gj C Gi, 
hence 

dd^'ui A • • • A dd'^Un - (^J- i^'^^.'^ui^^ ^ ^ ' " (/- (^^''""Gj ) 
Let j ^ +CX). Lemma l473l then yields that 



Gi 



rfd'iti A • • ■ A d#u„ < [J [dd'-uxSj " \j - (dd^Un^ f j 

□ 

For u € £ we write /i^ = X{ii=-oa}{dd'^'u)^ ^^nd define 5 to be the class of 
simple functions / = X]j=i otjXEj, ctj > 0, where Ej are pairwise disjoint and /i- 
measurable such that / is compactly supported and vanishes outside {u — — oo}. 
We write T for functions in S where the Ej^s are compact. 

Definition 4.5. Let u G £ and < g < 1 be a /z„-measurable function. We define 
= inf (sup{ut- : f < t, t is a bounded lower semicontinuous function})* . 



From Definition 14.51 it follows that w < < and if gi < (?2, then u^^ > u^^. 
Furthermore, if g G T, then 

= (sup{mt- : g <t, t is a bounded lower semicontinuous function}) ' G J- . 

Lemma 4.6. Let u £ £ and g £ S, then £ T and (dd'^u^)"' — g{dd'^u)^ . 

Proof. Assume first that g E T . Then G as already noted. Let g = 
X^fcLi Q^feXAfc and consider Uk = u"'''^^^ . Then for 1 < fc < to we have that 
ui + . . . + Urn < < Uk SO a B C [J^^i Ak, then it follows from Lemma [01 that 

{dd^UkT < [ [dd^u^Y < I {dd''{ui + ... + u,n)T l<k<m. 



Hence, if B C Ak, then it follows from Lemma l473l that {dd'^Ukf^ = at /g (dd'^u)" 
and from Lemma 14.41 we have that 

ak / (dd^u)" ^ / {dd''{ui + . . . + Urn))" . 



MONGE-AMPERE MEASURES ON PLURIPOLAR SETS 



11 



Hence, 

ak 1 {dd^UkT < I {dd^us)" < au [ {dd^uf 1 < fc < m . 
J B JB Jb 

for all Borel sets B C Ak, k ^ 1, ...,m. Thus (dd^uS)" = g{dd''u)''\ 

Assume now that g & S, i.e., g — X^jLi '^jXEj, oij > 0, Ej are pairwise disjoint 

and /i-measurable such that g is compactly supported and vanishes outside {u = 

—oo}. Choose to each Ej, I < j < m, increasing sequences [Kj]"^-^ of compact 

subsets of Ej such that Xp = Ejli Xk'' converges to J^jLi XSj a.e. w.r.t. as 

p +00. Then Xp £ T and gxp G T. Furthermore, if /o G T with /o < g, 

then foXp £ T and foXp 9Xp- Hence u^o>^p > u^^p . By the first part of the 

proof we have that {dd^uf"^")'^ = foXpidd^uf and {dd^uS^pf = gxpidd^u)". 

Theorem 13.61 implies that limp^^a^ u^°^p = u^°, hence > limp^_|_oo u^-^p . Thus, 

u3 = limp^+oo us^" e ^ and {dd^uS f = gidd'^u)". □ 

Theorem 4.7. Let u £ £ and let < g < 1 be a fiy^-measurable function that 
vanishes outside {u — — oo}. Then ^ £ and (dd'^u^)"' — g{dd'^uY' . 

Proof. Let [gj\, gj G 5, be an increasing sequence that converges pointwise to g, 
as j — > +0O. If / G T with f < g, then by Lemma 14.61 we have that min(/, g^) G 
S and (dd'=it™"(/^9^))" = mm{f,gj){dd''uy\ From Theorem [31] it follows that 
[unun(/,gj)j jg decreasing sequence that converges pointwise to , as j +oo. 
Thus, > limj^+oo for every f & T with f < g. Definition 14.51 vields that 
~ limj^+oo u^^ and therefore it follows from Lemma 14.61 that G £ and 
{dd^usf = g{dd''uf. □ 

Remark. Let u and g be as in Theorem 14 .71 If (dd'^u)^ vanishes on pluripolar sets, 
then it follows from Theorem 14.71 and the remark after Lemma 14.11 that = on 

n. 

Corollary 4.8. Let u E £ and f,g, < /, g < 1, be two ^u-measurable functions 
which vanishes outside {u = — cxd}. If f = g a.e. w.r.t. fiu, then = . 

Proof. Let u G £ and assume for now that /, g G S". Then by Lemma 14.61 we have 
that uf,u3e T, uf > and 

{dd^ufy = fidd-'uf = in&^{f,g){dd''uf = {dd''u^''<f'3^Y . 

Hence, by Theorem 13.61 we have that = u^^'^W-f). Similarly we get that — 

ymax(/,3)^ Thus, = . 

For the general case let [ilj] be a fundamental sequence and let /, < /, g < 1, 
be two /ii, -measurable functions that vanishes outside {u — — oo}. Our assumption 
that / = g, implies that x^ij.f = Xn^g a.e. w.r.t. /i and by the first part of the proof 
we get that u^"^-^ = u^"i^ . The proof is then completed by letting j — > +oo. □ 

Example 14.91 shows that there exists a measure g{dd'^u)"' carried by a pluripolar 
set that is not a discrete measure. 

Example 4.9. Let /i be a positive measure with no atoms and with support in 
a compact polar subset the unit disc D (see e.g. [23]; p. 82, and [5]; chapter IV, 
Theorem 1) Let u be the subharmonic Green potential of /Lt. Consider ly = fix ■ ■ ■ x fi 
(n-times) and v{zi, . . . , Zn) = max(u(zi), u{zn)) on D x ■ • ■ x D (n-times). Then 
V E (dd'^w)" = v, v has no atoms and it is supported by a pluripolar set. 
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Lemma 4.10. Assume that a, /3i, /32 are non-negative measures defined on which 
satisfies the following conditions: 

(1) a vanishes on every pluripolar subset ofVL, 

(2) there exists a pluripolar sets A C 51 such that j3i{Vl\A) — 0. 

(3) for every p & EqC] Cijl) it holds that 



Then we have that 

I {~P)P1 < [ {~P)P2, 

Jn Jn 

for every p G £q Ci C{fl). 

Proof. Since A is pluripolar and is bounded there exists a function ip G VST-i{Vl), 

< 0, such that A Q {^p ~ —oo}. Take p G £o H C{Vt) and set pj ~ max (^p, . 

Then we have that jQ{~Pj) Pi < ^^-^{— Pj) {a + (32) < +oo and by letting j — > +cxd 
we get that 

/ {-p)Pi < I {~p){a + p2). 

./{(p— — oo} -^{i^— — oo} 

But a vanishes on pluripolar sets and /3i and (32 are carried by sets contained in 
{if — — cx)}. Thus, 



I Jn 

for every p e £o n C(n). □ 

Let u G £, then by Theorem 5.11 in 7 there exist functions 0„ G £a and 
fu e Ll^lidd'^fuD, fa > such that {dd^uy = fu{dd'(f>ur + I3u. The non- 
negative measure /3„ is such that there exists a pluripolar set A C such that 
(3u{^\A) = 0. In Lemma [4. Ill we will use the notation that a„ — fu {dd'^4>u)" and 
/3„ refereing to this decomposition. 

Lemma 4.11. Let u,v G £. If there exists a function (p G £ such that {dd'^p)^ 
vanishes on pluripolar sets and \u — v\ < —tp, then /?„ = (3y. 

Proof. Let ft' fl. It follows from Lemma [4.11 that there is no loss of generality 
to assume that u,v,ip G JF, since it is sufficient to prove that = (3y on Q' . The 
assumption that |m — i;| < —ip yields that v + (p < u and therefore it follows from 
Lemma 13.31 that 



i-p){dd^u)" < J {-p){dd^{v + p)f < +00 , (4.1) 

where p G £o. Since X]j=i Cj){dd''vy ^ {dd'^vY^^-' -C C„ we have that (3v+ip = Pv 
and 



Lemma [4. 101 and inequality (|4.ip yields that 



{-p)Pu < / i-p)Pv, 
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for every p So- In a similar manner we get that 

/ {-P)f3. < f {~p)Pu, 
Jn Jn 

for every p £ Sq- From Lemma 3.1 in [7 it now follows that f3u = Pv D 

Lemma 4.12. Let H e £ D MrSH{n). 

(1) If V E M, {ddf^v)^ is carried by a pluripolar set, and J^^{—p){dd'^v)"' < +oo 
for all p e £o n C(il), then 

u = sup {ip G VSU{n) : if < mm{v, H)} e Af{H) , 

and (dd'^u)"' — (dd^w)". 

(2) Assume that ijj e M, (dd'^ip)" vanishes on pluripolar sets, v G J\f{H), 
(dd'^v)" is carried by a pluripolar set, and J^^{—p)((dd'^ip)"' + {dd'^v)"') < +oo 
for all p €z £q n C(r2). If u is the function defined on by 

u = snp{(p: (fi e B {{dd''iljy\v))} , 

where 

B {{dd-'ijjf, v) = {ip££: {dd'^i^f < {dd-'ipf and ip<v} , 

then u G N{H) and {dd'^uf = (dd^V)" + {dd'^vf. 

Proof. (1): Since min(w,_ff) is a negative and upper semicontinuous function we 
have that u G VSTL{Vl) and H > u > v + H. Furthermore, u G M{II), since 

V G M{II). By Theorem 12.41 we can choose a decreasing sequence \vj], vj E £o D 
C{Ct), that converge pointwise to v a.s j ^ +oo, and use Theorem 13.71 to solve 
(dd'^Wj)" = [dd^Vjf, Wj G j G N. Consider 

Uj = sup {ip G VSn{n) : ip < TJim{vj,H)} G £a{H) . 

Then Uj > wj, so by Lemma [331 J^^{~p){dd'^Uj)'^ < Jj^{—p){dd''wj)" . Corollarv l3.4l 
now yields that 

[ {-p){dd''uY < [ {-p){dd'vy' for aU p G £0 n C{n) , 
Jn Jn 

and therefore it follows that (dd'^u)" is carried by {u = —00} and since v > u > 

V + H it follows from Lemma [4.111 that (dd'^u)" = (dd'^v)"'. Thus, part (1) of this 
proof is completed. 

(2): Using the classical Choquet's lemma (see e.g. [16]) and Proposition 4.3 in [22] 
we derive that u € £ and (dd'^u)" > (dd'^tp)^ . Note that u G PST-L{VL), u < 0, 
as soon as v is only negative and upper semicontinuous and B {{dd'^Tp) , w) 7^ 0. 
Theorem 5.11 in 7 gives that (dd'^u)"' — a+P, where a and /? are positive measures 
defined on Q, such that a vanishes on all pluripolar sets and /3 is carried by a 
pluripolar set. The function {ip + v) belongs to B {{dd'^'ip)" ,v) and therefore we 
have that v + ip < u < v. Hence u G M{II). By Lemma 14.111 we have that 
/3 = (dd^w)", and we have already noted that a > (dd'^ip)^. Proposition 12 . 51 implies 
that there exists a decreasing sequence, [vj], Vj G £o{H), that converges pointwise 
to V, as j +00. Now, 

/ {-p){{dd''iljf + {dd^vjf) < +00 for all p G £0 n C{n) 
Jn 
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so by the last remark in section 3 and Theorem 13.71 there exists a unique function 
Wj eJ\f{H) with [ddf'wjf = + It foUows from CoroUarylOthat 

Wj G B {{dd'^^lj)"' , Vj), so if we let 

Uj—snp{(p: If E B {{dd'^tp)"' ,Vj)} , 

then [uj] decreases pointwise to u, as j ^ +cxd. Furthermore, Lemma 13.31 implies 
that 

/ (-p)(dd%r< / {~p){dd^wjf ^ [ {~p){{dd^tpf + {dd^vjy'). 

Jn Jo, Jn 

Let j — > +0O, then Corollary 13.41 yields that 

/ i^p)idd^ur< f {^p){idd^^r+(3), 

hence J^^{~p){a + /?) < J^{— p) [{dd'^ipY^ + j3). Since we know that a > (dd'^ip)" it 
follows that for all p E SqC) C{Cl) we haye that J^^ pa — J^^ p{dd''ip)"' , and therefore 
is a = {dd'^tp}"'. Thus, this proof is completed. □ 

Theorem 4.13. Assume that p is a non-negative measure. 

(1) There exist functions (j) G So, / G L\^^{(dd'^ (j))^^ / > 0, such that 

p^f{dd-^T + u, 

where the non-negative measure v is carried by a pluripolar subset ofQ. 

(2) If there exists a function w £ £ with p < (dd'^w)"' , then there exist functions 
ip,v £ £, v,ip >w, such that 

[dd'^vY^ — V , 

where v is carried by {v = —oo}. 

(3) // there exists a function w £ £ with p < (dd'^w)"' , then to every H G 
£ n MVSTi.{Q) there exists a function u££,w-\-H<u< H , with 
(dd'^u)" ~ p. In particular, if w £ N, then u G N{II). 

Proof. (1): This is Theorem 5.11 in [7]. 

(2) : Using the Radon-Nikodym theorem and the decomposition in part (1) (with 
the same notation) we obtain that 

fidd^cj))"^ ^ TX{w>~-oo}{dd''w)'^ and v = TX{w=-oo}{dd''w)"' , 

where < r < 1 is a Borel function. For each j G N, let pj be the measure defined 

by pj = m.\T\{ip,j){dd'^(j))"'. Hence, pj < (^dd'^{j^ V)) and therefore by Kolodziej's 

theorem (see [17]) there exists a uniquely determined function i/jj G £o such that 
(dd'^ipj)^ = Pj. The comparison principle (Corollary 13. 2p imply that > w and 
that [ipj] is a decreasing sequence. The function ip = limj_>+oo ipj is then in £ and 
(dd'^ip)" = f {dd'^cj))"'. Theorem 14.71 implies that exists a functions v € £ such that 
(dd'^v)"' — V and v > w. Thus, 

{dd^^py = f{dd''(l)T and [dd^vY = v . 

(3) : Continuing with the same notations as in part (1) and (2), we choose an 
increasing sequence of simple functions \gj\ suppg^ (s fi, that conyerges to g = 
X{w=-ao}T-, as j — > +CXD. By Theorem 14.71 we have that -u;* G {dd'^w^^)" = 
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gj{d(rw)^ and [w^^] is a decreasing sequence that converges pointwise to , as 
j +00. Moreover > w. Hence {dcTw^)^ = Xiw^-ooyTiddPw)^ . Set 

Uj = s\xp{ip e S((dd=?Aj)",min(w*,i/))} , 

where 

B {{dd^i/jj)" , min(u;9^ , H)) = {(p € £ : {dd'^ipjT < [dd^iff and ^ < min(w9^ , H)} . 

This construction iniphes that [uj\ is a decreasing sequence. The sequence [uj\ 
converges to some phirisubharmonic function m, as j —>■ +00, and by Lemma 14.121 
Uj G J^{H) with {dd'^UjY^ — (dd'^ipj)"' + (dd'^w^^)^ . Furthermore, we have that that 
w + H < Uj < H . We conclude the proof by letting j — *■ +00. 

□ 

Remark. Theorem 14.131 generalize Theorem 4.4 in [T], Theorem 6.2 in [7j, and 
Corollary 1 in pg]. 

Remark. Let ui, . . . ,u„ G 5. Then it follows from Theorem 14. 131 that there exists 
a function u G £ such that (dd'^u)" = dd'^ui A • • ■ A dd'^u^. 
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